All mean excitations energies for second and third row atoms and their ions are calculated in the random-phase approximation using large basis sets. To a very good approximation it turns out that mean excitation energies within an isoelectronic series is a quadratic function of the nuclear charge. It is demonstrated that this behavior is linked to the fact that the contributions from continuum electronic states give the dominate contributions to the mean excitation energies and that these contributions for atomic ions appear hydrogen-like. We argue that this finding may present a method to get a first estimate of mean excitation energies also for other non-relativistic atomic ions.
Introduction
The slowing down of a swift projectile with energy in the MeV range when impinging on a target of atoms, molecules or solids is caused primarily by electronic excitation of the electrons in the target by transfer of projectile kinetic energy to target electronic energy. This has been known since Bethe first derived the basic theory for this process 1 . Also, one of the most interesting findings is that the only essential material constant determining the slowing down or stopping power of the target is a weighted average of all the target electronic excitation energies, referred to as the mean excitation energy. Thus, the stopping of heavy charged particles in matter is basically an electronic structure problem and application of known methods of electronic structure theory that are able to calculate all electronic excitation energies of a given atom or molecule may straightforwardly be applied to this problem [2] [3] [4] [5] .
The range of electronic excitation energies needed to calculate the mean excitation energy as well as many other sum over states molecular properties 6, 7 includes both bound and continuum states and for many properties, for all atoms and molecules, the major contribution to the mean excitation energy originates from electron excitations into the continuum. Luckily, it turns out that a stick-spectrum representation of the continuum in terms of pseudo-states placed in the continuum suffices when calculating atomic and molecular mean excitation energies 8 , which means that one may apply standard finite basis set methods also when calculating the continuum contributions to the mean excitation energies. However, rather large and flexible basis sets as well as inclusion of all excited states in the sum over states expressions are needed in order to obtain converged results for the computed mean excitation energies.
The loss of kinetic energy of a proton projectile per unit path length is referred to as the stopping power of the target material and this quantity is of central importance for the understanding of many fundamental processes. For years, X-ray beams have been used for medical purposes such as for cancer therapy, but more recently therapy has carried out using heavy, massive particle beams such as proton beams which allows for considerable reduction of the collateral damage of surrounding tissue associated with radiative treatment 9, 10 due to the narrowness of the peak in the stopping power curve as a function of projectile energy for particle beams.
However, the focus of this paper is the application of mean excitation energies -and thus stopping power data -to materials where the target itself consists of a mixture of charged particles, i.e. plasmas. Targets of this sort may be found in fields such as reactor physics 11 , planetary atmospheres 12 , and interstellar space 13 . In these fields one often needs to know the stopping power for many ionized states of an atom. Thus, it is the purpose of this paper to calculate these mean excitation energies for all atoms for which we can safely neglect relativistic effects in the electronic structure calculations and also to derive simple rules that allow one to derive the mean excitation energy of any ionized form of an atom from the knowledge of the mean excitation energy of the neutral atom or any other ion in an isoelectronic series.
We first give an outline of the definition and the application of mean excitation energy followed by a description of the method used to calculate them. We report mean excitation energies for all second and third row atoms and their ions, and the rest of the paper deals with the systematics and the explanation of the nuclear charge (Z) dependence of the atomic ion mean excitation energies.
Definitions
The central material constant in the theory of stopping power, the mean excitation energy, is defined as
Here, 0 = − 0 is the excitation energy between the ground state |0⟩ and the excited state | ⟩ and 0 is the electric dipole oscillator strength for the same excitation which in the dipole length approximation using atomic units is defined as
The summations in Eq. (1) extend over all excited states, bound as well as continuum. For the continuum states, the summation should have been integration but for simplicity we have used the summation sign for all states as is the practice in finite basis set calculations where the integration over the continuum states is replaced by a summation over discrete pseudo states placed in the continuum (vide infra).
Details of the Calculations
All calculations have been carried out with the Dalton program package 14 at the level of the random-phase approximation (RPA). In practice, the calculations on the open shell atoms or ions were carried out as MCSCF calculations with one configuration corresponding to one of the states of the atomic term. For every atom or ion all excitation energies and the corresponding dipole oscillator strengths were calculated in the given basis set and the mean excitation energy was then computed as a sum over states according to Eq. (1). A majority of the excited states were placed in the continuum.
Based on our previous basis set studies 3, 5, 15, 16 we adopted the largest correlation-consistent basis sets of Dunning and co-workers 17 as one-electron basis sets. For B to F the Dunning's core-valence correlation consistent basis set aug-cc-pCV5Z was employed, for Al to Ar the fully uncontracted aug-cc-pCV5Z. For Li and Be the fully uncontracted aug-cc-pCVQZ and for Na and Mg the fully uncontracted cc-pCV5Z basis sets had to be used, as an aug-cc-pCV5Z has not yet been published. The Thomas-Reiche-Kuhn sum rule 18 ,
in which N is the number of electrons, was fulfilled for all the studied atoms and their ions to at least two decimal places in the length, mixed and velocity representations. Also the mean excitation energies are the same to three digits in the three representations. Although this equivalence is not a sufficient condition it is nevertheless a necessary condition for basis set completeness in RPA 19 .
Results
The calculated mean excitation energies in the dipole length formulation in RPA are reported in Tables 1-18 for all second and third row atoms and their ions. For completeness sake we have also added RPA results from previous calculations 8, 20 for first row atoms and ions in Table 1 and 2. In order to illustrate better the systematics of the Z-dependence of the mean excitation energies each table contains mean excitation energy for one isoelectronic series only. In fact, the table numbering is the same as the number of electrons in the isoelectronic series which we will refer to as N in the rest of the text.
In order to determine more precisely how the calculated mean excitation energies in an isoelectronic series depends on Z we first notice that the mean excitation energy for a hydrogen-like, one-electron atomic ion is
Let us next consider how well this relationship -in a modified form -holds for the rest of the ions. To this end we express the computed mean excitation energy as
with eff being
One may view as a screening constant, but as we shall see later, this interpretation does not hold for all ions.
The quantities Z eff and S as well as the differences in S from one ion to the next, when different from zero, are also given in Tables 1-18 . b) The S parameter is defined in Eq. (6). c) ΔS is the difference in S between the entry in preceding row and in this row. b) The S parameter is defined in Eq. (6). c) ΔS is the difference in S between the entry in preceding row and in this row. b) The S parameter is defined in Eq. (6). c) ΔS is the difference in S between the entry in preceding row and in this row. b) The S parameter is defined in Eq. (6). c) ΔS is the difference in S between the entry in preceding row and in this row. b) The S parameter is defined in Eq. (6). c) ΔS is the difference in S between the entry in preceding row and in this row. b) The S parameter is defined in Eq. (6). c) ΔS is the difference in S between the entry in preceding row and in this row. b) The S parameter is defined in Eq. (6). c) ΔS is the difference in S between the entry in preceding row and in this row. b) The S parameter is defined in Eq. (6). c) ΔS is the difference in S between the entry in preceding row and in this row. b) The S parameter is defined in Eq. (6). c) ΔS is the difference in S between the entry in preceding row and in this row. b) The S parameter is defined in Eq. (6). c) ΔS is the difference in S between the entry in preceding row and in this row. b) The S parameter is defined in Eq. (6). c) ΔS is the difference in S between the entry in preceding row and in this row. b) The S parameter is defined in Eq. (6). c) ΔS is the difference in S between the entry in preceding row and in this row. b) The S parameter is defined in Eq. (6). c) ΔS is the difference in S between the entry in preceding row and in this row. b) The S parameter is defined in Eq. (6). c) ΔS is the difference in S between the entry in preceding row and in this row. b) The S parameter is defined in Eq. (6). c) ΔS is the difference in S between the entry in preceding row and in this row. b) The S parameter is defined in Eq. (6).
In the random-phase approximation electron correlation is included through first order in the fluctuation potential for both the ground and excited states 23 . It has been our experience that this level of theory is sufficient to obtain reliable mean excitation energies. That this in fact also is the case for the atoms and ions we are concerned with here can also be seen from comparison with the more correlated, SecondOrder Polarization Propagator(SOPPA) 23 calculations on Be that gave I 0 = 43.6 eV 24 . Also SOPPA calculations for some aluminum ions 25 resulted in mean excitation energies that are within a couple of eV's of those reported here, the small difference most likely being due to the use of smaller one-electron basis sets being applied in the SOPPA calculations 25 . Finally, correlated coupled cluster based calculations on the noble gases 16 in basis set of the same quality as the ones used here showed that the including correlation at the CCSD level only reduced the RPA values with 1.8 eV for Ne and 2.2 eV for Ar.
Since electron correlation is included in an RPA calculation it is not possible to break the computed mean excitation energies up into orbital contributions as it would have been in for example a Hartree-Fock calculation, the accuracy of which on the other hand would not have been sufficient for our purpose. This also has the consequence that orbital differences in the screening abilities of the individual electrons are averaged out in the Z eff parameter and it thus becomes less appropriate to refer to it as screening constant as we shall discuss later.
Z-dependence of the mean excitation energies
In Figure 1 we have plotted the Z-dependence of the mean excitation energies of the neutral atoms. For completeness we have also included the exact mean excitation energy of the hydrogen atom, 0 (H) = 14.990 eV 21 as well as the RPA-value for He 20 .
The basic trend in Fig. 1 is a monotonic increase in I 0 with increasing nuclear charge of the atom, the exception being the noble gases which have larger mean excitation energy than the subsequent alkali metal. Another way of expressing the trend in Fig. 1 would be to say that the mean excitation energies in a row form a monotonically increasing series. As the stopping power is inversely proportional to the logarithm of the mean excitation energy 4, 22 we can conclude that the ability of a neutral atom to slow down an incoming fast projectile at a given velocity decreases as the atomic charge is increasing and that this effect is a monotonic function of Z, the noble gases being the exception to this general trend.
Figure 1 also displays the shell structure of the neutral atoms as the curve is rather similar in structure for the second and third row atoms. One may notice though that the increase in I 0 with Z levels of going from first to second and third row atoms. For all the atomic ions, we see from Tables 1-18 that the mean excitation energy of the ions in any isoelectronic series increases with nuclear charge. This is an effect of the electrons being pulled closer to the nucleus as its charge increases and is illustrated for the C-isoelectronic in Fig. 2 . This behavior of I 0 in turn also implies that the stopping power of atomic ions will decrease along an isoelectronic series. Figure 2 . The mean excitation energy I 0 (in eV) for the 6-electron isoelectronic series (data from Table 6 ).
Comparing Fig. 1 with Tables 1-18 and Fig. 2 we see that the changes in I 0 with Z are considerably more pronounced for atomic ions than for neutral atoms.
From Table 1 we see, as expected, that = 0.00 in Eq. (5) for one-electron ions, indicating that the computed mean excitation energies are in agreement with Eq.(4) and thus correct for this series. For all the two-electron ions in both rows (Table 2) , the screening constant is 0.30, i.e. equal to Slater's originally suggested value for the 1s-shell 26 , a somewhat surprising result in view of the fact that this screening constant was suggested for a very different purpose than the present. Thus, irrespective of the charge of the central atom the same screening constant may be applied when calculating K-shell mean excitation energies.
For the rest of the isoelectronic series we see that the screening constant is increasing with increasing nuclear charge of the atom. However, rather early on in the isoelectronic series, becomes larger than the number of electrons in the series (for instance for Ne 7+ in the 3-electron series) so it loses its meaning as a "screening constant" and becomes merely a parameter describing the computed mean excitation energies in terms of Eqs. (5) and (6).
From Tables 2-18 we also see that the increase in is (nearly) constant going from one ion to the next in a given isoelectronic series. Only for the lowest charged ion(s) in the isoelectronic series do we see a minor deviation from this constancy. Also, the constant is the same for both second and third row ions.
The increases in with increasing nuclear charge differ from one isoelectronic series to another, starting with 0.24 for 3-electron ions and ending up with close to 0.60 for the isoelectronic series with most electrons for which we can reliably extract values for from the present data set of mean excitation energies.
Thus, we have the following linear relationship between the S parameter of the ion ( ) and that of the neutral atom ( = ) ≡ 0
where = 1,2,3,4 … labels the number of electrons in the isoelectronic series and thus N must be smaller than or equal to Z in order for Eq. (7) to be valid. Please note that Eq. (7) also holds for the 1-electron ions for which both S N0 and D N are zero and for the 2-electron isoelectronic series where the values of S N0 and D N are 0.30 and 0.00, respectively. The constants in Eq. (7) can be extracted from Tables 1-18 and are given in Table 19 .
Inserting Eqs. (6) and (7) into Eq. (5) we find that the mean excitation energy for an ion with nuclear charge Z in the N-electron isoelectronic series, I 0N (Z), may be calculated from the equation
where
and
Thus, for a given isoelectronic series, the mean excitation energy of any ion in the series is a quadratic function of the nuclear charge and the mean excitation energy can be computed from one constant D N and the mean excitation energy of the neutral ( N= Z) atom, 0 , since the constant S N0 in Eqs. (9) and (10) 
The constants in Eq. (8) are given in Table 19 . The Table lists only the parameters for the isoelectronic series for which our calculations give converged values of the S parameter in Eq. (6). (10) and (11) . Here, k is the number of ∆S steps that the new reference ion with mean excitation energy I 0k lies away from the neutral atom in the isoelectronic series. In the preceding example k = 3.
Thus, application of Eq. (8) can give improved values for the mean excitation energy if one uses a reference mean excitation energy for an ion in the isoelectronic series for which ∆S has converged. This of course requires that I 0 is known for the reference ion.
Discussion
We have designed a method to calculate mean excitation energies for highly ionized atoms in an isoelectronic series from I 0 of neutral atom or -perhaps even better -slightly ionized atoms. The method relies upon the observation that the atomic mean excitation energy in an isoelectronic series to a very good approximation turns out to be a quadratic function of the nuclear charge Z, see Eq. (8) and Table 19 .
In order to better understand this behavior we first notice that for a hydrogen-like, 1-electron atom the oscillator strength in Eq. (2) is independent of nuclear charge since the Z-dependence of the individual transition moments are Z -1 while the excitation energies are proportional to Z 2 . However, also the calculated oscillator strengths for an isoelectronic series turned out to be nearly independent of Z, in particular for all higher lying excited states, i.e. for excitations into the pseudo continuum states that gives the dominate contributions to the mean excitation energy 8 . The Z-independence of f n0 works best for ions with some charge, that is, ions for which D N becomes constant. For an electron in a high-lying continuum state the atomic core will look very much hydrogen-like and that is probably the reason why we see the same Z-independence of the oscillator strengths for those states as one finds for a hydrogen-like system. Thus, from the definition in Eq. (1) it follows that the Z-dependence of the mean excitation energies in an atomic isoelectronic series is primarily determined by the Z-dependence of the excitation energies -and among those, the excitation energies of the higher lying continuum states. As argued previously an electron in these states will experience a hydrogen-like core and thus its excitation energy is determined through the approximate relation that resembles that in Eq. (4) E n0 (N,Z) ~ (Z-S N (Z)) 2 E n0 (Z=N) (13) where S N (Z) is given in Eq. (7) . Following this line of argumentation the increase in S N (Z) for the N-electron isoelectronic series with increasing Z may be explained as an increasing ability of the N electrons to screen the atomic core as Z is increasing. Furthermore, this screening ability will increase with N, thus resulting in the increase in D N we are seeing in Table 19 .
We have tested the validity of Eq. (13) by calculating the individual excitation energies that contribute to the mean excitation energies in an isoelectronic series to see if they in fact obey Eq. (13) . More specifically, we have calculated the ratio E n0 (N,Z)/E n0 (N, Z+1) for a given N and all states | ⟩ as a function of Z. If the assumption in Eq. (13) holds this ratio must be equal the ratios between the square of Z eff /(Z+1) eff taken from Table N which in fact turns out to be the case to a very good approximation. The larger Z becomes the better the relation is fulfilled.
The relationship between I 0N and Z for an N-electron isoelectronic series in Eq. (8) is based on computed, accurate mean excitation energies for second and third row atoms and their ions. However, since the origin of this relationship seems to be that an electron in a high-lying continuum state sees the core as a screened, hydrogen-like core it likely that Eq. (8) also will hold for isoelectronic series of atoms in higher rows of the periodic table as long as one may safely disregard relativistic effects. So, knowing one mean excitation energy in an isoelectronic series a first estimate of the rest of the mean excitation energies in the same isoelectronic series may be obtained from Eq. (8) and the constants in Table 19 for isoelectronic series with electrons smaller than 15, i.e. for K and L shell ions. This may provide useful information in plasma and reactor physics where it often is necessary to know stopping powers for a range of atomic ions 11, 27 . As explained in Sec. 5 one need not know the mean excitation of the neutral atom in order to make use of Eq. (8) . Knowledge of I 0 of any ion in the series will do.
As the origin of the quadratic behavior of I 0 as a function of Z in a given isoelectronic series may be traced back to the two observations that the bulk of the contributions to I 0 originates from high-lying continuum states and that these states are hydrogen-like then similar relationship between sum rules and Z in isoelectronic series most likely also will hold for other dipole oscillator strength sum rules that are determined by primarily continuum contributions 8 , i.e. S n and L n sum rules for n ≥ 0.
Conclusions
We have reported accurate calculations of mean excitation energies for all second and third row atoms and atomic ions using the random-phase approximation and large one-electron basis sets. An analysis of the computed results revealed that mean excitation energies within an isoelectronic series to a very good approximation were quadratic functions of the nuclear charge Z. The more precise relationship is given in
